It has been shown that a SIC-POVM is equivalent to a spherical 2−design with n = d 2 elements [10] . We use existence results for spherical 2−designs to show that SIC-POVMs exist for all dimensions d ≥ 2.
Introduction
The most general type of measurement in a quantum system is a Positive Operator Valued Measure (POVM). In order for the POVM to completely determine the quantum state being measured it must be Informationally Complete. Maximal independence of outcomes is critical in Cryptographic applications [7] , thus the pairwise inner products of the POVM elements need to be uniform. Thus we are interested in a Symmetric Informationally Complete POVM or SIC-POVM.
A related idea is that of Mutually Unbiased Bases (MUBs). A POVM is a set of operators acting on C d , and MUBs are a specific set of bases for the space. Maximal sets of MUBs are also an important feature of proposed cryptographic schemes [2] . Wooters [12] discusses some geometric links between MUBs, SICPOVMs and Affine planes. For the physical significance of SIC-POVMs see [1] .
Maximal sets of MUBs have been constructed in prime-powered dimensions. It has been conjectured that maximal sets of MUBs exist only in the dimensions for which affine planes also exist [11] .
It has been conjectured that SIC-POVMs exist in all finite dimensions [10, 6] . We show that this conjecture is true for all but the trivial case of d = 1.
In Section 2 we reproduce with more detail the proof [10] that SIC-POVMs are spherical 2-designs. In Section 3 we show that SIC-POVMs exist in all dimensions ≥ 2. In Section 4 we give explicit constructions for odd and even dimensions [9] . Section 5 is the conclusion.
SIC-POVMs are spherical 2−designs
A SIC-POVM can be most simply defined in terms of equiangular lines. For an alternate definition see [5] .
for all polynomials f (x) of degree ≤ t and |X| = n.
For an equivalent definition:
for all Homogeneous Harmonic polynomials h(x) of degree ≤ t.
Theorem 4. Prop 1 [9] . Let X = {φ 1 , φ 2 , . . . φ n } be a set of vectors in C d . Let W be the matrix whose column vectors are φ 1 , φ 2 , . . . φ n . Then X is a spherical 2-design if and only if W satisfies the following
Note the polynomial x i for i ≤ i ≤ d generates the space Harm(1) the space of all homogeneous harmonic polynomials of degree 1. And x i x j and x A spherical 2−design on n points in C d is the image of n orthogonal vectors of the same length in C n [3] .
Theorem 5. Thm 2 [10] , Thm 1 [8] . A set of normalized vectors
forms a spherical t−design if and only if
Klappenecker and Rötteler [8] 
To calculate RHS
LHS=RHS, thus a SIC-POVM is a spherical 2−design. ⇐ Show that every spherical 2 design with n = d 2 elements is a SIC-POVM. Let λ jk = | φ j |φ k | 2 where j = k. Interpret λ jk as coordinates for a point in
This equation describes a Hyperplane
. The normal to this Hyperplane is1, the vector of all ones.
This equation describes a sphere centred on0. The line described by the vector1 intersects this sphere in 2 points. 
SIC-POVMs exist in all dimensions
Theorem 7. Prop 2 [9] . Let n > d ≥ 2 then a spherical 2- 
design in S d with n distinct elements exists if and only if
• n is even OR
Proof is by construction which will be given for the d = n 2 case in section 4. The construction produces a spherical 2-design in
, and the result on which the construction is based (Theorem 4) is true in C d , this construction shows that a spherical 2 design exists in the cases stated above.
Theorem 8. A SIC-POVM exists for all finite dimensions d > 1.
Proof. From Theorem 6 we know that a SIC-POVM in
Then from Theorem 7 we know that a d dimensional spherical 2-design with n = d 2 elements exists unless n is odd with d = n − 2.
Thus the only solutions are d = −1 and d = 2. We cannot have a negative number of dimensions (perhaps that is the next revolution in physics) which leaves d = 2 being the only possibility for a dimension without a SIC-POVM. But 2 is even and so by Theorem 7 a spherical 2 design exists.
Thus we conclude that a d dimensional spherical 2-design with n = d 2 elements exists for all d ≥ 2; and hence a SIC-POVM exists for all finite dimensions. With d = 1 perhaps being the trivial (and only) exception.
Construction
Since the proof of Theorem 7 is constructive this gives a construction for a SIC-POVM for any d ≥ 2.
Here we give the construction from Section 3 of [9] for the SIC-POVM case of n = d 2 . Note we use √ −1 as i is used elsewhere as a subscript. This construction is presented in [9] , but we give more details here.
n is even
where ζ = e n . Therefore
Thus condition (iii) of Theorem 4 is satisfied. Use cos(2x) = 2 cos 2 θ − 1 = 1 − 2 sin 2 θ and sum as in equation (14) and (15). 
n is odd 5 Conclusion
In conclusion a SIC-POVM can be constructed in any non-trivial dimension.
As previously noted by Wooters [12] , there are ways of constructing SICPOVMs which have no relation to affine planes. Could the same be true of MUBs?
